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Abstract: The object of this paper is to generalize the results of the solution of the homogeneous Navier-Stokes 
equations in the half-plane for the slow motion of viscous incompressible fluids to the class of the micropolar fluids for 
the case of the given shear stresses on the boundary. The no-spin boundary conditions for the microrotation vector has 
been used. Using the method of Laplace-Fourier transforms the solution is obtained by quadratures. 
1. Introduction 
The theory of micropolar fluids, advanced by Eringen [3] deals with a class of fluids which can 
support couple stresses and body couples and exhibit microrotational effects and microrotational 
inertia. This theory might serve as a satisfactory model for describing the flow properties of 
polymeric fluids, liquid crystals, fluids with certain additives and animal blood. 
In a previous paper [2] Chemous and El-Sirafy solved some boundary value problems of slow 
flow of viscous incompressible fluid in the half-plane. One of these problems is the case when the 
tangential stresses and normal velocities are given on the boundary but the initial velocities 
vanish. This boundary value problem could be met in the study of the flow near a solid boundary 
which is not wet by the given fluid. 
The object of this paper is to generalize the results of the mentioned problem of Chemous and 
El-Sirafy [2] to the class of the micropolar fluids for the case of the given shear stresses on the 
boundary y = 0. The no-spin boundary condition for the microrotation vector has been used. 
Also we consider the initial microrotation is zero. Using the method of Laplace-Fourier 
transforms, the solution is obtained by quadratures. 
2. Formulation of the problem 
The equations of slow motion of an incompressible micropolar fluid in the absence of both 
external forces and body forces [3] are 
v*u=o, 0) 
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p(au/at)= -(p+k) v*v*u+kv*v- vp, (2) 
jp@r@t) = (a + p + y) v v * v - y V,~V~,V + k v,,u- 2kv, (3) 
where u, v and p are respectively the velocity, microrotation vectors and pressure. The symboles 
p and j denote the density and microinertia and (a, p, y, ~1, k) are viscosity coefficients. 
We consider the two-dimensional motion of a micropolar fluid in the half-plane ( - cc < x < oc, 
y > 0 1 t > 0) and seek to determine the velocity, pressure and microrotation when the shear 
stresses G and p are given on the boundary under the condition that F/G = 1 + k/p. The 
microrotation vanishes on the boundary. Initially the velocities and microrotation vanish. In this 
case 
u= (u, 0, O), v = (0, 0, v). 
The system (l)-(3) becomes 
au/ax + au/i3y = 0, 
p(aw/at) = (p + k) V*W - 2i3( p + ikv)/az, 
pj@v/&) = y v*v - 2kv + k(b/tIx - i3u/3y), 
where 
z=x+iy and w=u+iu. 
The stresses and couple stresses are given by 
yz-5 =Z=zx -=o, .I=--*, 
-- 
and 
xx+yy= -2p, ;;;;-~=2(2p+k)(ih+lx), 
G= (p+k)@u/ay)+kv+p(b/i3x), 
G = p(ih,‘i3y) - kv + (p + k)(b/tIx) 
myr mzy &J m m 3V 
-=- =- zx xz - 
Y P ay’ y p =ax9 
(4) 
(5) 
(6) 
(7.4 
(7-b) 
(8) 
m XX =myy=mrr=mxy=myx= 0. 
3. Method of solution 
From the equation of continuity (4) we can write the function w in terms of two real functions 
C#I and + in the form 
w = 2a( $I - i#)/&Z, (9) 
where 
v*C#J =0. (10) 
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Inserting (9)-(10) in the system (4)-(6) we have 
(jr + k) v*+ - p(a#/at) = kV = 0, 
y V*V - 2kv - k V*I/J = pj(av/at), 
P = - P@WW. 
For the microrotation, we consider the no-spin boundary condition, 
v(x, 0, t) = 0. 
Here we need to solve the system (lo)-(12) subject to the boundary conditions 
&/3y=&=&.t+k)=H(x, t), au/lIx=O ony=O 
where H( x, r) is a given function satisfing the condition 
H(x, t) = 0(1/x) at x + 00. 
Assuming that 
u(x, 0, t) = 0 
and using (9), the boundary conditions now become 
J/, + @%&cl= Wx, 03 $ -q+J= 0. 
And for the initial conditions we assume that 
+(x, y, 0) = +(x, yt 0) = v(x, Y, 0) = 0. 
Taking the Laplace transform with time t and 
system (lo)-(12) and using conditions (14), (17), 
,I,- $4 = 0, 
01) 
02) 
03) 
(14) 
(15) 
(16) 
(17) 
(18) 
the Fourier transform with coordinate x of the 
(18), we obtain 
(p+k)+{(p+k)q*+pX}$+kl=O, 
YV - (yq* + 2k + pjX)C - k$” + kq*$ = 0, 
4” + iqc$‘I,,, = I;r, 6’ - iq& lYXo = 0, 
in which $(q, y, A) is related to 4(x, y, t) by 
(19) 
(20) 
$(q, y, A) = $/,“eVArjm emiqX#(x, y, t)dx dt, 
eiqX$(q, y, X)dq dX, u = Re X > 0, 
where accents denote differentiations with respect to y and similar relations could be written for 
the functions 4, C#J and 5, v respectively. 
Now we may take as a trial solution 
J =A emrY, 5 = B e-V’ 
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By substituting in (19) we get 
[(p + k)( r* - q*) - pX] A + kB = 0, 
-k(r* - q2)A + [Y(r* - q*) - (2k + pjX)] B = 0. 
Then the condition for a nonzero solution is 
Here we confine our study to a special class of fluids in which the microinertia coefficient j is 
given by 
j = 2y/(2~ + k). 
Thus after some calculations we obtain the solution of the system (19) in the form 
6(4, Y, V= -i b++k) PA sign q - fi(q, A) esiqiy, 
$(q, y, A)=(p+k) H(;i”)emQy- 
[- (21: k)* 
T(q, Y, A) 9 1 
c(4, YA)= (2P +k)*fi(q, v (e-‘*y _ e-r*y) y[pA-c(a-b)_l] 9 
where 
rf = q* + apX, r: = q* + bpX + c, 
a = 2/(2p + k), b= l/(p+k), c=k(2p+k)/y(p+k). 
Inverting the system (21) we get 
dx, Y, t> -/bdT jm H(E, +(x - 5, y, t - T)d5, 
-CO 
where 
(21) 
(22) 
(23) 
(24) 
ext 
/ (a-b)pX-c o 
w(e-rly - e-by) cos qx dq dh. 
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For the determination of S(x, y, t) we notice that (see [l, 1.4 (25)] 
J 
me-&WY 
0 
cos qxdq=&(x*+y*) -1’2K1[j3(x*+y*)1’2], 
Refi>O, y>O, 
where K,(z) is the MacDonald function of first order of the argument z. Thus with the aid of the 
convolution theorem, we get (see [l, 5.16 (37)) 
qx, Y, t) = 
4n(ZL)e 
cr’p(=--bf[.E(x, y, t; (I, c) -bE(x, y, t; b, m/b)], (25) 
where 
1 m =- 
J t 0 
e-pmlr12(1+h)/41-nr(l+h)-‘/p(cr-b)dX. 
(26) 
The function E(x, y, t; m, n) can be expanded in the form (see [1, 4.2 (9)) 
E(x, y, t; m, n) = 4e-pm’z’2’4f 
pmlzl* [ 
1 - 5 i:’ Ir (~ _ J~~cfj~~v”~6;~~~p , )r] 
v-2r=-1 ! a m t 
4 
+- pmlzl* O” Pi -7 c 
i 1 
mYnYl z I*’ 
pmlzl “=I V!(Y - 1)!2*‘(a - b)’ ’ 
(27) 
where 
Ei(-z)= -/“?,A, larg 21x71 
I (28) 
is the exponential integral function. 
Using (9), (13), (22), and (23) we obtain the pressure p(x, y, t) and complex velocity 
w(x, y, t) in the forms 
p(x, y, t)= -%jW H(E, t) t 
-CC cx -;52 +y2d59 
w(x,=t)_l’d$= H(L +‘(x - t, y, t - 7)d5, 
0 --oo 
(29) 
(30) 
where 
Jvx, Y, t) =- Izzt [ (1 - y) e-(rp(x2+Y2)/4r - 1] - yijt+I;! _Cs(,, y, t). (31) 
In the limiting case as k, y + 0, the microrotation vanishes and we obtain the previous known 
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classical solution given by Chernous and El-Sirafy [2], namely 
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